2. Preliminary of the proof of the Theorem. Let α(f ) = 0.a 1 a 2 . . . a n . . . be the r-adic expansion of the number α(f ) given in the Theorem. Then each a n belongs to the corresponding string (f (p ν )) r , where p ν is the νth prime and ν = ν(n) is defined by
([log r f (p i )] + 1).
Here [t] denotes the greatest integer not exceeding the real number t. We put
where d ≥ 1 is the degree of the polynomial f (t), p runs through prime numbers, and π(x) is the number of primes not exceeding x. We used here the prime number theorem:
where G is a positive constant given arbitrarily and
Then we have
Let j 0 be a large constant. Then for each integer j ≥ j 0 , there is an integer n j such that
We note that
and that n j < n ≤ n j+1 if and only if the r-adic expansion of f (n) is of length j; namely,
For any x > r j 0 , we define an integer J = J(x) by
Let n be an integer with n j < n ≤ n j+1 and j 0 < j ≤ J, so that (f (n)) r can be written as in (3) . We denote by N * 
We shall prove in Sections 4 and 5 that
which, combined with (5) and (2), yields (1).
Lemmas
Lemma 1 ([9; 4.19]). Let F (x) be a real function, k times differentiable, and satisfying |F
Lemma 2 ([3; p. 66, Theorem 10]). Let
where h, q are coprime integers and α i 's are real. Suppose that . Assume that 
polynomial with integral coefficients and let q be a positive integer. Let
as y → ∞, where the implied constant depends possibly on r, f , and l.
Proof of the Theorem.
We have to prove the inequality (6). We write
where
0 otherwise. There are functions I − (t) and I + (t) such that I − (t) ≤ I(t) ≤ I + (t), having Fourier expansion of the form
with
where e(x) = e 2πix ([10; Chap. 2, Lemma 2]). We choose a large constant c 0 and put
Then it follows that
, where d is the degree of the polynomial f (x),
We first estimate 2 . Suppose that dM ≤ m ≤ J − M . Then, writing the leading coefficient of the polynomial νr −m f (t) as a/q with (a, q) = 1, we have
with a large constant σ, so that by Lemma 2,
where σ 0 > 3 is a constant. Therefore we obtain
Next we estimate 3 . We appeal to the prime number theorem of the form referred to in Section 2. Then it follows that
using the second mean-value theorem and Lemma 1 with |νr
. Therefore we have
To prove the Theorem, it remains to show that
since this together with (4), (8) , (9), and (10) implies
which is the inequality (6).
Proof of Theorem (continued).
We shall prove the inequality (11) in three steps. F i r s t s t e p. Suppose that l ≤ m ≤ dM , where M is given by (7) with (4) . We appeal to the prime number theorem for arithmetic progres- ) is enough for our purpose.) Let B denote the least common multiple of all denominators of the coefficients, other than the constant term, of f (t). Then
Hence we have 
which is (11). The proof of the Theorem is now complete.
